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Abstract—Information delivery using chemical molecules is
an integral part of biology at multiple distance scales and has
attracted recent interest in bioengineering and communication
theory. Potential applications include cooperative networks
with a large number of simple devices that could be randomly
located (e.g., due to mobility). This paper presents the first
tractable analytical model for the collective signal strength due
to randomly placed transmitters in a 3-D large-scale molecular
communication system, either with or without degradation in the
propagation environment. Transmitter locations in an unbounded
and homogeneous fluid are modeled as a homogeneous Poisson
point process. By applying stochastic geometry, analytical
expressions are derived for the expected number of molecules
absorbed by a fully absorbing receiver or observed by a passive
receiver. The bit error probability is derived under ON/OFF
keying and either a constant or adaptive decision threshold.
Results reveal that the combined signal strength increases
proportionately with the transmitter density, and the minimum
bit error probability can be improved by introducing molecule
degradation. Furthermore, the analysis of the system can be
generalized to other receiver designs and other performance
characteristics in large-scale molecular communication
systems.

Index Terms—Large-scale molecular communication system,
absorbing receiver, passive receiver, 3D stochastic geometry.

I. INTRODUCTION

MOLECULAR communication via diffusion has attracted
significant bioengineering and communication engi-

neering research interest in recent years [2]. Messages are
delivered via molecules undergoing random walks [3], which
is a prevalent phenomenon in biological systems and between
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organisms [4] across multiple distance scales, offering trans-
mit energy and signal propagation advantages over wave-based
communications [5]–[7]. More importantly, when compared to
electromagnetic wave-based communication systems, molecu-
lar communication can be advantageous at very small dimen-
sions or in specific environments, such as in salt water or
human bodies.

Fundamentally, molecular communications involves mod-
ulating information on the physical properties (e.g., num-
ber, type, emission time) of a single molecule or group of
molecules (such as pheromones, DNA, protein). When mod-
ulating the number of molecules, each messenger node will
transmit information-bearing molecules via chemical pulses.
According to the theory of Brownian motion, the average dis-
placement of each molecule is proportional to its diffusion
time and the diffusion coefficient, however, the instantaneous
displacement of each molecule differs and is usually described
by the Normal distribution [8]. As such, a molecule emitted
in a previous bit interval may arrive at the receiver during the
current interval, thereby confusing the signal detection at the
receiver with intersymbol interference (ISI).

Existing works have largely focused on modeling the signal
strength of a point-to-point communication channel by tak-
ing into account the self-interference that arises from previous
symbols (i.e., ISI) at a passive receiver [9], at a fully absorb-
ing receiver [10], and at a reversible adsorption receiver [11].
Efforts to mitigate ISI include transmitting using two differ-
ent types of molecules in consecutive bit intervals [12], and
designing ISI-free codes [13].

Recent advances in bio-nanotechnology bring new oppor-
tunities for enabling molecular communication in new appli-
cations, such as drug delivery, environmental monitoring, and
pollution control. One application example is that swarms of
nano-robots could track specific targets, such as tumour cells,
to perform operations such as targeted drug delivery [14].
In such a scenario, each nano-robot may receive the signal
transmitted from multiple nano-robots. Thus, how to estab-
lish energy efficient and tether-less communication becomes
an important research problem [15].

In nanonetworks, it is therefore important to provide a phys-
ical model for the collective signal strength at the receiver
in a large-scale system, while taking into account random
transmitter locations due to mobility. In [16], the collective
signal strength of a multi-access communication channel at a
passive receiver due to co-channel transmitters (i.e., transmit-
ters emitting the same type of molecule) was measured given
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the knowledge of their total number and locations. In [17],
the capacity of the multiple access channel with a single
bit emitted at each transmitter and a ligand-binding receiver
was derived under the assumption of a deterministic diffu-
sion channel model. The first work to consider randomly
distributed co-channel transmitters in a 3D diffusion chan-
nel according to a spatial homogeneous Poisson point process
(HPPP) is [18], where the probability density function (PDF)
of the received power spectral density at a point receiver was
derived based on the assumption of white Gaussian trans-
mit signals. The analysis in [18] considers multiuser emission
within a single transmission interval, and the presented results
are Monte Carlo simulations.

From the perspective of receiver design, many works have
focused on the passive receiver, which can observe and count
the number of molecules inside the receiver without interfering
with the molecules [9], [16], [18]. In nature, receivers com-
monly remove information molecules from the environment
once they bind to a receptor. An ideal model is the fully
absorbing receiver, which absorbs all the molecules hitting
its surface [10], [11]. Unfortunately, no work has studied
the channel characteristics and the received signal at a fully
absorbing receiver in a large-scale molecular communication
system, nor compared it with that at a passive receiver.

In this paper, we aim to provide an analytical model and
bit error probability for the collective signal at the passive
receiver and the fully absorbing receiver due to a swarm
of active mobile point transmitters that simultaneously emit
the same bit sequence. We extend our previous work in [1]
by deriving the bit error probability of a constant threshold
detector at both receivers under fixed threshold-based demod-
ulation, and applying decision feedback detection (DFD)
for performance improvement. Our new analysis takes into
account the molecule degradation during diffusion based on
the following three facts: 1) molecules are unlikely to per-
sist for all time, and may be degraded by chemical reactions
in a biological environment; 2) the constant transmitter den-
sity over unbounded space assumed in our analytical model
implies that there is an infinite number of transmitters and
that ISI increasingly accumulates, which isn’t practical; 3) the
molecule degradation will help to reduce the ISI and improve
the probability of error.

The analytical results are obtained via the powerful tools
of stochastic geometry in 3D space, which can character-
ize the average behavior over many spatial realizations of a
network where the transmitter nodes are placed according to
some probability distribution [19]. Just as we can analyze the
network performance of a random field of transmitters in con-
ventional wireless networks, we can also apply a similar ratio-
nale for analyzing the receiver performance due to a swarm of
molecular transceivers. However, unlike [20] and [21], where
the network performance is analyzed based on the distri-
bution of the received signal-to-interference-plus-noise ratio
(SINR) at a point receiver in 2D space, we seek the mean
and distribution of the number of received molecules at a
spherical receiver due to all transmitters in 3D space. By
doing so, simple and tractable results can be obtained to reveal
the key dependency of the molecular communication system

performance metrics with respect to the system parameters.
This work and [1] are distinct from related work in [18], which
focused on the statistics of the received signal at any point
location. Our contributions can be summarized as follows:

1) Using stochastic geometry, we model the collective sig-
nal at a receiver in a 3D large-scale molecular commu-
nication system with or without molecule degradation,
where the receiver is either passive or fully absorbing. To
examine the impact of the signal from the nearest trans-
mitter relative to the aggregate signal, we also derive
the signals from the nearest transmitter and the other
transmitters.

2) We derive a general expression for the expected net num-
ber of molecules observed at both types of receivers
during any time interval. In order to gain insights about
the impact of the transmitter density, the diffusion coef-
ficient, and the receiver radius on the collective signal,
we simplify the general expression to a closed-form
expression for the expected net number of molecules
absorbed at the fully absorbing receiver under molecule
degradation.

3) We derive a general expression for the bit error probabil-
ity at the passive or absorbing receiver in the proposed
system with or without molecule degradation under
ON/OFF keying. A simple detector requiring one sample
per bit interval is considered as a preliminary design for
the proposed large-scale system. Importantly, this gen-
eral expression for the bit error probability can also be
applied for other types of receivers by substituting the
corresponding channel response.

4) We focus on Monte Carlo simulation approaches to
verify our analytical results, and we also compare
Monte Carlo simulation to particle-based simulation of
the large-scale molecular communication system. It is
shown that the expected number of molecules observed
at both types of receivers increases linearly with increas-
ing transmitter density. We also show that the minimum
bit error probability of both receivers can be improved
by introducing molecule degradation.

The rest of this paper is organized as follows. In Section II,
we introduce the system model. In Section III, we present
the channel impulse response of information molecules in the
large-scale molecular communication system. In Section IV,
we derive the exact and asymptotic net number of absorbed
molecules expected at the surface of the absorbing receiver,
and the exact number of molecules observed inside the passive
receiver in the large-scale molecular communication system.
In Section V, we derive the bit error probability of the proposed
system with a simple detector requiring one sample per bit. In
Section VI, we present the numerical and simulation results.
In Section VII, we conclude the contributions of this paper.

II. SYSTEM MODEL

In Fig. 1, we consider a 3D diffusion-based molecular com-
munication system with a single receiver located at the origin
under joint transmission by a swarm of point transmitters,
which are spatially distributed outside the receiver in R

3/V�rr
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Fig. 1. Illustration of a receiver receiving molecular pulse signals from point
transmitters at different distances.

according to an independent and homogeneous Poisson point
process (HPPP)1 �a with density λa, where V�rr

is the vol-
ume of receiver �rr with V�rr

= 4πr3
r

/
3. HPPP has been

widely used to model wireless sensor networks [20], [22],
homogeneous and heterogeneous cellular networks [19], [23],
and has also been applied to model bacterial colonies in [24]
and the interference sources in a molecular communication
system [18]. We note that we focus on an unbounded fluid
environment with uniform diffusion and no flow currents
to provide a baseline for the design of more complicated
scenarios in future works.

We consider a spherical receiver that is either pas-
sive [6], [25] or fully absorbing [26]. The fully absorbing
receiver is covered with selective independent receptors, which
are only sensitive to a single type of information molecule.
Similar to [11] and [26], we assume that there is no physi-
cal limitation on the number of receptors on the surface of
the receiver, which is an appropriate assumption for a system
with a sufficiently large number of receptors or small number
of absorbed molecules. Any information molecule that dif-
fuses into the sphere is absorbed by a receptor and counted
for information demodulation. The passive receiver is covered
with a transparent membrane that is permeable to the infor-
mation molecules passing by, and the number of information
molecules inside the receiver can be counted for information
demodulation as in [16].

Even though this work considers a molecular communica-
tion system with a single receiver, it provides fundamental
insights that can be applied to consider systems with multiple
transceivers in future work. For example, in the case of
multiple passive receivers following HPPP, the expected num-
ber of molecules inside any passive receiver with the same
radius will be equivalent due to the Slivnyak-Mecke’s theo-
rem [27]. In other words, the presence of multiple passive
receivers will not influence the observations at each passive

1This model is also valid for spherical transmitters with transparent mem-
branes, where the locations of the point process are the molecule emission
points.

receiver, due to its transparent membrane. This is also consis-
tent with the stochastic geometry work on cellular networks,
where the average ergodic rate of an arbitrary random mobile
user is expressed using a single expression [21]. However,
for the case of multiple absorbing receivers, the numbers of
molecules absorbed by each absorbing receiver is not indepen-
dent; in other words, the presence or absence of an absorbing
receiver influences the numbers of molecules absorbed by
other absorbing receivers. For a system of absorbing receivers,
the average observation will be harder to characterize, but
understanding the single receiver system is still the first step.

A molecular communication system typically includes five
processes: emission, propagation, reception, modulation, and
demodulation, which are presented in detail in the following
subsections for the absorbing receiver and the passive receiver,
respectively.

A. Emission & Modulation

Applying ON/OFF keying as in [11] and [26], each transmit-
ter delivers molecular signal pulses with Ntx type S information
molecules to the receiver at the start of each bit interval to
represent transmit bit-1, and emits zero molecules to deliver
bit-0. Here, a global clock is assumed at each transmitter such
that the molecule emissions at all the transmitters are syn-
chronized with the same bit sequences2, and can only occur
at the start of a bit interval as in [18]. Asynchronous emission
can be evaluated similarly to synchronous emission by allow-
ing transmitters to release molecules at the start of intervals
that are much smaller than the bit interval, and scaling the
transmitter density accordingly.

1) Absorbing Receiver: In the absorbing receiver scenario,
we assume spherical symmetry, where the transmitter is effec-
tively a point on the spherical shell with radius r0 away from
the center of receiver and the molecules are released from
random points over the shell at t = 0; the actual angle to
the transmitter when a molecule hits the receiver is irrelevant.
Thus, we define the initial condition as [28, eq. (3.61)]

CFA(r, t → 0|r0) = 1

4πr0
2
δ(r − r0), (1)

where CFA(r, t → 0|r0) is the molecule distribution function
at time t → 0 and distance r with initial distance r0.

According to (1), there is spherical symmetry that makes
the molecules initially distributed with equal probability
over a spherical surface at distance r0 from the receiver.
Mathematically, Eq. (1) represents the impulse response aver-
aged over the surface area of the ball, where 4πr0

2 is the
surface area of the ball centered at the center of receiver. The
direct interpretation is that, due to spherical symmetry, a shell
transmitter is analogous to a point transmitter. As an example,
consider an absorbing receiver and two molecules that are ini-
tially placed at two points equidistant from the receiver. Each

2One application is that nanomachines could send the same molecular
signal upon sensing some threshold value in the environment [18]. Perfect
synchronization between all transmitters is an idealization that facilitates the
analysis and leads to tractable results. However, it is not essential for the accu-
racy of our results, since the distribution in molecule arrival times is primarily
determined by the transmitter locations.
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molecule has the same probabilistic trajectory for hitting the
receiver. Since they are equidistant from the receiver, we can
merge them to a single point source to achieve the same result.

2) Passive Receiver: In the passive receiver scenario, we
assume an asymmetric spherical model, which accounts for the
actual angle of the molecule inside the passive receiver. The
information particles are injected into the fluid environment
by a transmitter located at −→r away from the center of the
passive receiver [8].

B. Diffusion Under Molecule Degradation

The diffusion of molecules in the propagation process
follows random Brownian motion. With a sufficiently low con-
centration of information molecules in the fluid environment,
the collisions between these molecules can be ignored and
the molecules propagate independently with constant diffu-
sion coefficient3 D. This concentration changes over time due
to diffusion as described by Fick’s second law, and determines
the spatial and temporal variation of non-uniform distributions
of particles [8, Ch.2].

To reduce the ISI, we introduce molecule degradation that
can occur at any time via a chemical reaction mechanism in
the form of [25], [30], [31]

S
kd→ P, (2)

where kd is the degradation rate in s−1, and P is another type of
molecule that cannot be recognized by either type of receiver.
The degradation rate kd relates to the half-life (�1/2) of mes-
senger molecules via kd = ln 2

�1/2
, and kd = 0 corresponds to

the no degradation case.

C. Reception

1) Absorbing Receiver: Any information molecules that hit
the absorbing receiver will be captured for information demod-
ulation. This reception process at the fully absorbing receiver
can be described as [28, eq. (3.64)]

D
∂
(
CFA(r, t|r0)

)

∂r

∣∣∣
∣∣
r=r+

r

= kCFA(rr, t|r0), k → ∞ (3)

where k is the absorption rate (in length×time−1).
2) Passive Receiver: With a transparent membrane at the

passive receiver, the information molecules can bypass the sur-
face of the passive receiver freely, and molecules within the
receiver can be counted at any time [8].

D. Demodulation

For equivalent comparison, the number of molecules
absorbed by the surface of the absorbing receiver and the num-
ber of observed molecules inside the passive receiver at the end
of each bit interval are collected for information demodulation.
More details of the demodulation at each type of receiver are
described as follows.

3The diffusion coefficient can be obtained via experiment or estimated via
the Stokes-Einstein equation for spherical molecules [29, Ch. 5].

1) Demodulation Criterion at the Absorbing Receiver:
With spherical symmetry, we only need to focus on the number
of molecules absorbed by the surface of the receiver r = rr.
We consider an absorbing receiver that is capable of count-
ing the net number of molecules absorbed by the surface of
the receiver as in [11] by subtracting the number of absorbed
molecules at the end of the previous bit interval from that at
the end of the current bit interval. The net number of molecules
absorbed over the jth bit interval NFA

net [j] is demodulated as the
received signal of the jth bit (NRx[j] = NFA

net [j]). This is because
for the single bit transmission at t = 0, as time increases,
the number of absorbed molecules increases, which results in
increasing ISI, whereas the average net number of absorbed
molecules in a given bit interval Tb becomes a constant value
as Tb goes to infinity in a large-scale molecular communication
system as shown in Section IV.

2) Demodulation Criterion at the Passive Receiver: With a
transparent membrane, the passive receiver is assumed to be
capable of counting the number of molecules currently inside
the passive receiver at the end of the jth bit interval NPA

cur[j] for
information demodulation (NRx[j] = NPA

cur[j]). This is because
the current number of observed molecules inside the receiver
can remain at a comparable value for a long time in the large-
scale molecular communication system as will be shown in
Fig. 3 in Section VI. For this reason, we only use a simple
detector design with one sample collected at the end of each
bit interval rather than multiple samples in each bit interval.

3) Demodulation Schemes at Both Receivers: We first con-
sider a fixed threshold-based demodulation with the same
decision threshold Nth for all bits at both types of receivers,
where the receiver demodulates the received signal as bit-
1 if NRx[j] ≥ Nth, and demodulates the received signal
as bit-0 if NRx[j] < Nth. In the fixed threshold-based
demodulation, the received molecules NRx[j] will accumu-
late as more bits are transmitted and molecules arrive from
more distant transmitters, and inevitably impair the system
reliability as ISI.

To remove this accumulation, we then consider the demod-
ulation scheme using a DFD [32] with the decision threshold
Nth at both types of receivers in Section VI, based on the sub-
traction between NRx in the current bit and that in the previous
bit. More specifically, the receiver demodulates the received
signal as bit-1 if {NRx[j]−NRx[j − 1]} ≥ Nth, and demodulates
the received signal as bit-0 if {NRx[j] − NRx[j − 1]} < Nth.

III. CHANNEL IMPULSE RESPONSE

In this section, we present the channel impulse responses at
the absorbing receiver and at the passive receiver in the large-
scale molecular communication system due to the single bit-1
transmission at each point transmitter.

A. Absorbing Receiver

1) Point-to-Point System: We first provide the background
for the receiver observation of a single point transmitter
located distance r0 away from the center of the absorbing
receiver. To do so, we calculate the rate of absorption at the
surface of the absorbing receiver due to the transmitter at
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distance r0 via [28, eq. (3.106)]

K( t|r0) = 4πr2
r D

∂CFA( r, t|r0)

∂r

∣∣
∣∣
r=rr

, (4)

where the molecule distribution function

CFA( r, t|r0) = 1

4πrr0

1√
4πDt

(
e− (r−r0)

2

4Dt − e− (r+r0−2rr)2

4Dt

)
,

(5)

is derived in [28].
Substituting (5) into (4), the first hitting probability is

derived as

K( t|r0) = rr

r0

1√
4πDt

r0 − rr

t
e− (r0−rr)2

4Dt . (6)

Taking into account molecule degradation, the fraction of
molecules absorbed by the receiver due to a transmitter at
distance r0 during any sampling interval [t, t + Tss] with a
single impulse pulse occurring at t = 0 reduces to

FFA(�rr , t, t + Tss
∣∣r0

)

= FFA(�rr , 0, t + Tss
∣∣r0

) − FFA(�rr , 0, t
∣∣r0

)
, (7)

where

FFA(�rr , 0, t
∣
∣r0

) =
∫ t

0
K( t|r0)e

−kdtdt

= rr

r0
exp

(

−
√

kd

D
(r0 − rr)

)

− rr

2r0
exp

(

−
√

kd

D
(r0 − rr)

)

[

erf

(
r0 − rr√

4Dt
− √

kdt

)
+ exp

(

2

√
kd

D
(r0 − rr)

)

(
erf

(
r0 − rr√

4Dt
+ √

kdt

)
− 1

)
+ 1

]

. (8)

We note that (8) is derived following the method for the point-
to-point system in [30, eq. (12)]. We see that increasing kd

decreases the fraction of molecules absorbed by the absorbing
receiver.

Without molecule degradation (kd = 0), FFA(�rr , 0, t|r0)

simplifies to [26, eq. (32)]

FFA(�rr , 0, t
∣∣r0

) = rr

r0
erfc

{
r0 − rr√

4Dt

}
. (9)

2) Large-Scale System: In our proposed large-scale system,
the center of an absorbing receiver is fixed at the origin of a
3D fluid environment.

Using the Slivnyak-Mecke’s theorem [27], the fraction
of absorbed molecules at the receiver during any sampling
interval [t, t + Tss] due to an arbitrary point transmitter
x at the location x emitting a single pulse at t = 0
FFA(�rr , t, t + Tss|‖x‖) can be obtained via (8), where ‖x‖
is the distance between the point transmitter and the center of
the receiver where the transmitters follow a HPPP.

Recalling that the propagation of each molecule is indepen-
dent, the cumulative fraction FFA

all of absorbed molecules at
the receiver during any sampling interval [t, t + Tss] due to all

active point transmitters emitting a single pulse at t = 0 can
be formulated as

FallFA(�rr ,t,t+Tss) =
∑

x∈�a

FFA(�rr , t, t + Tss
∣∣‖x‖), (10)

where FFA(�rr , t, t + Tss|‖x‖) can be obtained from (8).
The expected net number of molecules absorbed by the

receiver during any sampling interval [t, t + Tss] due to all of
the active point transmitters emitting a single pulse at t = 0
can be calculated as

E

{
NFA

all

(
�rr , t, t + Tss

)} = NtxE

{
F

FA(�rr ,t,t+Tss)
all

}
, (11)

where NFA
all (�rr , t, t + Tss) is the net number of absorbed

molecules, and FFA
all (�rr , t, t + Tss) is given in (10).

It is well known that the distance between the transmit-
ter and the receiver in molecular communication is the main
contributor to the signal strength. In the absence of flow, the
nearest transmitter will provide the strongest signal for the
receiver. In order to examine the impact of the signal from
the nearest transmitter on the received signal in the large-scale
molecular communication system, we present the expected
number of absorbed molecules at this receiver during any sam-
pling interval [t, t + Tss] due to a single pulse emission by the
nearest transmitter as

E
FA
u = E

{
FFA(�rr , t, t + Tss

∣
∣
∥
∥x∗∥∥)

}
, (12)

where ‖x∗‖ denotes the distance between the receiver and the
nearest transmitter,

x∗ = arg min
x∈�a

‖x‖, (13)

x∗ denotes the nearest point transmitter for the receiver, and
�a denotes the set of active transmitters’ positions.

To examine the impact of the aggregate signal from the
remaining transmitters, we present the expected number of
absorbed molecules at this receiver during any sampling
interval [t, t + Tss] due to single pulse emissions by the other
transmitters as

E
FA
o = E

⎧
⎨

⎩

∑

x∈�a/x∗
FFA(�rr , t, t + Tss

∣∣‖x‖)
⎫
⎬

⎭
, (14)

where FFA(�rr , t, t + Tss|‖x‖) is given in (8).

B. Passive Receiver

1) Point-to-Point System: In a point-to-point molecular
communication system with a single point transmitter located
at −→r relative to the center of a passive receiver with radius
rr, the local point concentration at the center of the pas-
sive receiver at time t due to a single pulse emission by the
transmitter occurring at t = 0 is given as [33, eq. (4.28)]

C
(
�rr , t

∣∣−→r ) = 1

(4πDt)3/2
exp

(

−
∣∣−→r ∣∣2

4Dt

)

, (15)

where −→r = [x, y, z], and [x, y, z] are the coordinates along the
three axes.
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The fraction of molecules observed inside the passive
receiver with volume V�rr

at time t is denoted as

FPS(�rr , t
∣∣∣∣−→r ∣∣) =

∫

�rr

C
(
�rr , t

∣∣−→r )
d�rr . (16)

In most molecular communication literature considering a
passive receiver, the uniform concentration assumption inside
the passive receiver is applied, which immediately results
in the fraction of observed molecules inside the passive
receiver as

FPS(�rr , t
∣∣∣∣−→r ∣∣) ≈ C

(
�rr , t

∣∣∣∣−→r ∣∣)V�rr
, (17)

however, this result relies on the receiver being sufficiently far
from the transmitter (see [34]), which we cannot guarantee
here since the transmitters are placed randomly.

With the actual non-uniform concentration inside the passive
receiver, the fraction of observed molecules inside the passive
receiver is calculated as

FPS(�rr , t
∣∣∣∣−→r ∣∣) =

rr∫

0

2π∫

0

π∫

0

C
(
�rr , t

∣∣−→r )
r2 sin θ dθ dφ dr.

(18)

The molecule degradation introduces a decaying exponential
term as in [25, eq. (10)]. Therefore, according to (18) and
[34, Th. 2 ], the fraction FPS of molecules observed inside the
passive receiver at time t due to a single pulse emission by
a transmitter at r0 away from the center of a passive receiver
with radius rr at time t = 0 is derived as

FPS(�rr , t
∣∣r0

) = e−kdt

[
1

2

[
erf

(
rr − r0

2
√

Dt

)
+ erf

(
rr + r0

2
√

Dt

)]

+
√

Dt√
πr0

[

exp

(

− (rr + r0)
2

4Dt

)

− exp

(

− (r0 − rr)
2

4Dt

)]]

.

(19)

We see from (19) that increasing kd decreases the fraction of
molecules observed at the passive receiver.

2) Large-Scale System: In the large-scale molecular com-
munication system with a passive receiver centered at the
origin, the fraction FPS of molecules observed inside the
passive receiver at time Tss due to an arbitrary point trans-
mitter x at the location x emitting a single pulse at t = 0,
FPS(�rr , t|‖x‖) can be obtained using (19).

Due to the independent propagation of each molecule, the
expected number of molecules observed inside the receiver at
time Tss due to a single pulse emission by all transmitters at
t = 0 is given as

E

{
NPS

all

(
�rr , Tss

)} = NtxE

{
FPS(�rr , Tss

∣∣∥∥x∗∥∥)
}

︸ ︷︷ ︸
EPS

u

+ NtxE

⎧
⎨

⎩

∑

x∈�a/x∗
FPS(�rr , Tss

∣∣‖x‖)
⎫
⎬

⎭
︸ ︷︷ ︸

EPS
o

,

(20)

where FPS(�rr , Tss|‖x‖) is obtained using (19), E
PS
u is the

expected number of molecules observed inside the receiver at
time Tss due to the nearest transmitter, and E

PS
o is the expected

number of molecules observed inside the receiver at time Tss

due to the other transmitters.

IV. RECEIVER OBSERVATIONS

In this section, we first derive the distance distribu-
tion between the receiver and the nearest point transmitter.
Throughout this section, we focus on the receiver observa-
tions at the receivers due to a single emission at each point
transmitter at t = 0. To understand the impact of individual
TXs relative to the aggregate signal, we derive exact expres-
sions for the expected number of molecules observed at the
receiver due to the nearest point transmitter and that due to
the other transmitters. We then present exact expressions for
the expected number of molecules observed at the receiver due
to all transmitters.

A. Distance Distribution

Unlike the stochastic geometry modelling of wireless
networks, where the transmitters are randomly located in
unbounded space, we impose that the point transmitters in a
molecular communication system can only be distributed out-
side the surface of the spherical receiver. Taking into account
the minimum distance rr between point transmitters and the
receiver center, we derive the PDF of the shortest distance
between a point transmitter and the receiver with radius rr in
the following proposition.

Proposition 1: The PDF of the shortest distance between
any point transmitter and the receiver with radius rr in 3D
space is

f‖x∗‖(x) = 4λaπx2e
−λa

(
4
3 πx3− 4

3 πrr
3
)

. (21)

Proof: See Appendix A.
Based on the proof of Proposition 1, we also derive the PDF

of the shortest distance between any point transmitter and the
receiver in 2D space in the following lemma.

Corollary 1: The PDF of the shortest distance between any
point transmitter and the receiver in 2D space is given by

f‖x∗‖(x) = 2λaπxe−λa
(
πx2−πrr

2
)
, (22)

where λa = λρa.
With rr = 0, Corollary 1 reduces to [21, eq. (19)].

B. General Expected Receiver Observations

In this subsection, we first derive simple expressions for
the expected number of molecules observed at the receiver
due to the nearest transmitter and the other transmitters to
demonstrate their relative impact on the expected receiver
observations.

Using Campbell’s theorem [27, eq. (1.18)] and
Proposition 1, the expected net number of molecules observed
during any sampling interval [t, t + Tss] at the receiver due
to the nearest transmitter and the other transmitters are
derived as

Eu = 4λaπNtxe
4
3 πrr

3λa

∫ ∞

rr

�(r)r2 exp

{
−4

3
πr3λa

}
dr, (23)
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and

Eo = (4πλa)
2e

4
3 πrr

3λa Ntx

∫ ∞

rr

∫ ∞

x
�(r)r2 dr

× x2e− 4
3 πx3λa dx, (24)

respectively, where

�(r) = FFA(�rr , t, t + Tss
∣∣r
)
, (25)

for the absorbing receiver, and

�(r) = FPS(�rr , t + Tss
∣∣r
) − FPS(�rr , t

∣∣r
)
, (26)

for the passive receiver. In (25), FFA(�rr , t, t + Tss) is the frac-
tion of molecules absorbed by the absorbing receiver given
in (7). In (26), FPS(�rr , t) is the fraction of molecules observed
inside the passive receiver given in (19). We observe that
Eu and Eo both increase proportionally with the density of
transmitters.

We now derive the expected net number of molecules
observed at the receiver in the following theorem.

Theorem 1: The expected net number of molecules
observed at the receiver during any sampling interval [t, t+Tss]
due to all transmitters emitting single pulses at t = 0 is
derived as

E
{
Nall

(
�rr , t, t + Tss

∣∣‖x‖)} = 4Ntxπλa

∫ ∞

rr

�(r)r2 dr,

(27)

where �(r) is given in (25) for the absorbing receiver and (26)
for the passive receiver.

Proof: See Appendix B.
From Theorem 1, we find that the expected net number of

observed molecules at the receiver is linearly proportional to
the density of transmitters, which will positively improve the
peak observation, but negatively bring increased ISI.

C. Absorbing Receiver Without Molecule Degradation

To obtain additional insights, we now present the exact
and asymptotic expressions for the expected net number
of molecules absorbed by the absorbing receiver without
molecule degradation in closed-form. We only consider the
absorbing receiver here because it leads to a simple insightful
expression.

Lemma 1: With kd = 0, the expected net number of
molecules absorbed by the absorbing receiver in 3D space
during any sampling interval [t, t + Tss] is derived as

E

{
NFA

all

(
�rr , t, t + Tss

)}

= 4Ntx
√

πλarr

[
D

√
πTss + 2

√
Drr

(√
Tss + t − √

t
)]

. (28)

The expected total number of molecules being absorbed by
time t at the absorbing receiver in 3D space is derived as

E

{
NFA

all

(
�rr , 0, t

)} = 4Ntx
√

πλarr

[
Dt

√
π + 2rr

√
Dt

]
. (29)

Proof: See Appendix C.

From Lemma 1, we find that the expected net number
of molecules absorbed by the absorbing receiver increases
with increasing diffusion coefficient or receiver radius. As
expected, we find that the expected total number of molecules
absorbed by time t is always increasing with t and does not
converge, even though there was only one release by each
transmitter.

Next, we examine the asymptotic results for the expected
net number of molecules absorbed by the absorbing receiver
during any sampling interval [t, t + Tss] as t → ∞ to find the
maximum expected net number of absorbed molecules.

Lemma 2: With kd = 0 and as t → ∞, the expected
net number of molecules absorbed by the absorbing receiver
during any sampling interval [t, t + Tss] in 3D space is
derived as

E

{
NFA

all

(
�rr , t, t + Tss

)} t→∞= 4πNtxλarrDTss. (30)

Lemma 2 reveals that as time sufficiently increases, the
expected net number of molecules absorbed by the absorb-
ing receiver becomes a constant determined by the sampling
interval. More importantly, this also reveals that the expected
net number of absorbed molecules during the bit interval
increases with the number of transmitted symbols (i.e., ISI).

V. ERROR PROBABILITY

In this section, we move from the expected receiver obser-
vations to the instantaneous receiver observations and the bit
error probability of the large-scale molecular communication
system with the absorbing receiver and the passive receiver
under molecule degradation. This section focuses on sim-
ple detectors requiring one sample per bit, where the net
number of molecules absorbed by the surface of the absorb-
ing receiver during each bit interval, and the number of
molecules observed inside the passive receiver at the end
of each bit interval, are sampled for information demodula-
tion. The bit error probability of the proposed system with
a DFD involves the subtraction of two dependent variables
as shown in Section II-D, which is analytically non-trivial
to derive.

A. Instantaneous Absorbing Receiver Observations

We first present the net number of molecules absorbed by
the receiver in the jth bit due to all the point transmitters �a

with multiple transmitted bits as

NFA
net

[
j
] ∼

∑

x∈�a

j∑

i=1

bi

× B
(

Ntx, FFA(�rr , (j − i)Tb, (j − i + 1)Tb
∣∣‖x‖)

)
,

(31)

where FFA(�rr , (j − i)Tb, (j − i + 1)Tb|‖x‖) can be obtained
via (7), and bi is the ith transmitted bit.

The sum of binomial random variables in (31) does not
lend itself to easy evaluation, thus we apply the Poisson
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approximation as in [11] to represent (31) as

NFA
net

[
j
] ∼ P

⎛

⎝Ntx

j∑

i=1

bi

∑

x∈�a

FFA(�rr , (j − i)Tb, (j − i + 1)Tb
∣∣‖x‖)

⎞

⎠.

(32)

B. Instantaneous Passive Receiver Observations

The number of molecules observed inside the passive
receiver in the jth bit due to all the active point transmitters x
with multiple transmitted bits is expressed as

NPS
cur

[
j
] ∼

∑

x∈�a

j∑

i=1

biB
(

Ntx, FPS(�rr , (j − i + 1)Tb
))

, (33)

where FPS(�rr , (j − i + 1)Tb|‖x‖) can be obtained via (19).
Using the Poisson approximation, we write (33) as

NPS
cur

[
j
] ∼ P

⎛

⎝Ntx

j∑

i=1

bi

∑

x∈�a

FPS(�rr , (j − i + 1)Tb
∣
∣‖x‖)

⎞

⎠.

(34)

C. General Bit Error Probability

Based on (32) and (34), we can unify the demodulation
variable at both receivers for simplicity as

N
[
j
] ∼ P

⎛

⎝
∑

x∈�a

NtxR
(
�rr , j

∣∣‖x‖)
⎞

⎠, (35)

where

R
(
�rr , j

∣∣‖x‖)

=
j∑

i=1

biF
FA(�rr , (j − i)Tb, (j − i + 1)Tb

∣∣‖x‖), (36)

for the absorbing receiver, and

R
(
�rr , j

∣∣‖x‖) =
j∑

i=1

biF
PS(�rr , (j − i + 1)Tb

∣∣‖x‖), (37)

for the passive receiver.
In (36) and (37), FFA(�rr , (j − i)Tb, (j − i + 1)Tb|‖x‖) and

FPS(�rr , (j − i + 1)Tb|‖x‖) are given in (7) and (19), respec-
tively.

Compared with the instantaneous receiver observations of
a point-to-point system, the instantaneous receiver observa-
tions of a large-scale molecular communication system need
to account for the statistics of random molecule arrivals from
many randomly-placed transmitters. Based on (35), with the
fixed threshold-based demodulation, the bit error probability
of the jth randomly-transmitted bit is derived in the following
theorem.

Theorem 2: The bit error probability of the large-scale
molecular communication system in the jth bit is derived as

Pe
[
j
] = P1Pe

[
b̂j = 0

∣∣bj = 1, b1:j−1

]

+ P0Pe

[
b̂j = 1

∣∣bj = 0, b1:j−1

]
, (38)

where

Pe

[
b̂j = 0

∣
∣bj = 1, b1:j−1

]

≈ exp

{
−4πλa

∫ ∞

rr

(
1 − exp

{−NtxR
(
�rr , j

∣
∣r
)})

r2 dr

}

×

⎡

⎢
⎢
⎣1 +

Nth−1∑

n=1

n∑ 1
n∏

k=1
nk!k!nk

n∏

k=1

[
−4πλa

×
∫ ∞

rr

(
NtxR

(
�rr , j

∣
∣r
))kexp

{−NtxR
(
�rr , j

∣
∣r
)}

r2 dr

]nk

⎤

⎥
⎥
⎦,

(39)

and

Pe

[
b̂j = 1

∣
∣bj = 0, b1:j−1

]

≈ 1 − exp

{
−4πλa

∫ ∞

rr

(
1 − exp

{−NtxR
(
�rr , j

∣
∣r
)})

r2 dr

}

×

⎡

⎢⎢
⎣1 +

Nth−1∑

n=1

n∑ 1
n∏

k=1
nk!k!nk

n∏

k=1

[
−4πλa×

∫ ∞

rr

(
NtxR

(
�rr , j

∣
∣r
))kexp

{−NtxR
(
�rr , j

∣
∣r
)}

r2 dr

]nk

⎤

⎥
⎥
⎦,

(40)

the summation
n∑

is over all n-tuples of nonegative integers
(n1, . . . , nn) satisfying the constraint 1 · n1 + 2 · n2 + · · · + k ·
nk + · · · + n · nn = n, b1:j−1 is the bit sequence from the first
bit to the (j−1)th bit, b̂j is the detected jth bit, and P1 and P0
denote the probability of sending bit-1 and bit-0, respectively.
In (39) and (40), R(�rr , j|r) is given in (36) for the absorbing
receiver and (37) for the passive receiver, respectively.

Proof: See Appendix D.
The results in Eq. (39) and Eq. (40) of Theorem 1 have

combinatorial complexity with multiple sums and products. In
order to gain insight on the impact of the system parameters
(except Nth) on the derived bit error probability, we present a
simple expression in the following lemma for the jth bit error
probability when the detection threshold Nth equals 1.

Lemma 3: With Nth = 1, the jth bit error probability of the
large-scale molecular communication system with molecule
degradation is given by (38) with

Pe

[
b̂j = 0

∣∣bj = 1, b1:j−1

]

≈ exp

{
−λa

∫ ∞

rr

(
1 − exp

{−NtxR
(
�rr , j

∣∣r
)})

4πr2 dr

}
,

(41)
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Fig. 2. Net number of observed molecules at the receiver as a function of
time. All curves are scaled by the maximum value of the analytical curves in
the right subplot.

and

Pe

[
b̂j = 1

∣∣bj = 0, b1:j−1

]

≈ 1 − exp

{
−λa

∫ ∞

rr

(
1 − exp

{−NtxR
(
�rr , j

∣∣r
)})

4πr2 dr

}
.

(42)

In (41) and (42), R(�rr , j|r) is given in (36) for the absorbing
receiver, and (37) for the passive receiver, respectively.

Proof: See Appendix E.
To simplify further, we present the single bit error probabil-

ity (without ISI) of the large-scale molecular communication
system without molecule degradation at the absorbing receiver
with Nth = 1 and kd = 0 as

Pe

[
b̂1 = 0|b1 = 1

]
≈ exp

{
−4πλa

∫ ∞

rr

r2

(
1 − exp

{
−Ntx

rr

r
erfc

{
r − rr√

4DTb

}})
dr

}
. (43)

We see that the single bit error probability of the absorbing
receiver improves by increasing the diffusion coefficient, the
number of transmit molecules, or the density of transmitters.
This is because with a single bit-1 transmitted at all the trans-
mitters, no ISI needs to be considered and so a higher peak
value of net number of absorbed molecules results in a better
bit error probability.

VI. NUMERICAL AND SIMULATION RESULTS

Throughout this section, we focus on Monte Carlo
approaches to conduct the simulations, which we also com-
pare with particle-based simulations. We consider two types of
Monte Carlo simulations. Both types use a HPPP to generate
the locations of the transmitters. In the first type, which we use
in Figs. 2–5, observations in each realization are “simulated”
by adding the expected observation from every transmitter
at the sampling time in (11) and (20). In the second type,
which we use in Figs. 6–9, observations in each realization
are “simulated” by drawing from the Poisson distribution as

TABLE I
THE SIMULATION PARAMETERS AND SCALING

VALUES APPLIED IN FIG. 2

in (32) and (34), whose mean is the sum of the observations
expected from every transmitter at the sampling time. The sec-
ond type generates distributions of individual observations in
order to measure the bit error probability.

In this section, we first validate the Monte Carlo approaches
by comparing with particle-based simulations and our analyt-
ical results for the net number of molecules at the receiver.
Due to the extensive computational demands to simulate large
molecular communication environments with a particle-based
approach, we then rely on Monte Carlo simulations for further
verification of the channel impulse responses and the bit error
performance. In all figures of this section, we set rr = 5 μm.

In Figs. 2, 3, and 4, we set Ntx = 104, and kd = 0 to
focus on normal diffusion without molecule degradation in a
large-scale system. The analytical curves of the expected num-
ber of molecules absorbed at the absorbing receiver due to all
transmitters, the nearest transmitter, and the other transmit-
ters are plotted using (28), (23), and (24), and are abbreviated
as “Absorbing All”, “Absorbing Nearest”, and “Absorbing
Aggregate”, respectively. The analytical curves of the expected
number of molecules observed inside the passive receiver due
to all transmitters, the nearest transmitter, the other transmit-
ters are plotted using (27), (23), and (24), and are abbreviated
as “Passive All”, “Passive Nearest”, and “Passive Aggregate”,
respectively. The analytical curves and the simulations are
occasionally abbreviated as “Anal.” and “Sim.”, respectively.

A. Validation of Simulation Approaches

The Monte Carlo approaches assume that the channel
response for a single transmitter is correct. We check this
assumption by comparing the first Monte Carlo approach
with particle-based simulations generated using the simula-
tion algorithm in [11] and the AcCoRD simulator (Actor-
based Communication via Reaction-Diffusion) [35]. In the
first Monte Carlo approach, every realization is simulated
by calculating the net number of molecules due to each
transmitter using (11) and (20) for the absorbing and pas-
sive receivers, respectively. In the particle-based approach,
observations in each realization are “simulated” by plac-
ing individual molecules at each transmitter, moving each
molecule by Brownian motion, and checking whether each
molecule diffused into the passive receiver or was absorbed
by the absorbing receiver. AcCoRD simulations are defined
by configuration files; here, each configuration file listed the
transmitter locations as specified by the current permutation
of the HPPP, and each transmitter permutation was simulated
at least 10 times.
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Fig. 3. Expected number of molecules observed at the receiver as a function
of time.

The simulation approaches are compared in Fig. 2, where
we set D = 80×10−12 m2

s and assume that the transmitters are
placed up to Ra = 50μm from the center of the receiver at a
density of λa = 10−4 transmitters per μm3 (i.e., 52 trans-
mitters on average, including the exclusion of the receiver
volume). The receiver takes samples every Tss = 0.01 s and
calculates the net change in the number of observed molecules
between samples. The default simulation time step is also
0.01 s. Unless otherwise noted, all simulation results were
averaged over 104 transmitter location permutations, as shown
in Table I.

In Fig. 2, we verify the analytical expressions for the
expected net number of molecules observed during [t, t + Tss]
at both receivers in (23), and (24) by comparing with the
particle-based simulations and the Monte Carlo simulations.
In the right subplot of Fig. 2, we compare passive and absorb-
ing receivers and observe the expected net number of observed
molecules during [t, t +Tss] due to the nearest transmitter and
due to the other transmitters. In the left subplot of Fig. 2,
we lower the simulation time step to 10−4 s for the first
few samples of the two absorbing receiver cases, in order to
demonstrate the corresponding improvement in accuracy4. All
curves in both subplots are scaled by the maximum value of
the corresponding analytical curve in the right subplot; the
scaling values and other simulation parameters are summarized
in Table I.

1) Particle-Based Simulation Validation: Overall, there is
good agreement between the analytical curves and the particle-
based simulations in the right subplot of Fig. 2. The analytical
results for the net number of molecules observed inside the
passive receiver during [t, t + Tss] due to the nearest trans-
mitter are highly accurate, and even captures the net loss of
molecules observed after t = 0.1 s. The particle-based simula-
tion of the “Passive Aggregate” case also becomes noisier with
increasing t as the normalized net number of molecules goes

4Only the data points at intervals of 10−2s are presented in the left subplot
of Fig. 2 to avoid crowded markers.

Fig. 4. Expected number of molecules observed at the receiver at time
t = 2 s as a function of the density of transmitters.

below 0.3, which is due to the very low number of molecules
observed (the scaling factor in this case is only 9.525; see
Table I) and can be improved by averaging over more realiza-
tions. Both simulation approaches slightly underestimate the
analytical curve in the “Passive Aggregate” case for t < 0.1 s,
due to the constraint on the placement of transmitters to within
a radius of Ra = 50 μm (which we relax in later figures once
we do not include particle-based simulations).

There is less agreement between the particle-based simula-
tions and the analytical expressions for the absorbing receiver,
and this is primarily due to the large simulation time step (even
though we used a smaller time step for the aggregate trans-
mitter case in the right subplot; see Table I). To demonstrate
the impact of the time step, the left subplot shows much better
agreement for the absorbing receiver model by lowering the
time step to 10−4 s. This improvement is especially true in the
case of the nearest transmitter, as there is significant devia-
tion between the particle-based simulation and the analytical
expression for very early times in the right subplot.

2) Monte Carlo Simulation Validation: There is a good
match between the analytical curves and the Monte Carlo
simulations for the net number of molecules observed at both
types of receivers during [t, t+Tss] due to the nearest transmit-
ter, which can be attributed to the large number of molecules
(as shown in Table I) and the small value of the shortest dis-
tance between the transmitter and the receiver compared with
Ra = 50 μm. There is slight deviation in the Monte Carlo
simulations for the expected number of molecules observed at
both types of receivers due to the other transmitters, and this
is primarily due to the restricted placement of transmitters to
the maximum distance Ra = 50 μm. In Figs. 3 and 4, bet-
ter agreement between the analytical curves and Monte Carlo
simulation is achieved by increasing the maximum placement
distance Ra.

Due to the extensive computational demands to simulate
such large molecular communication environments, we assume
that the particle-based simulations have sufficiently verified
the analytical models. The remaining simulation results in
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Fig. 5. Expected net number of molecules observed at the receiver as a
function of time.

the rest of the figures are only generated via Monte Carlo
simulation.

B. Channel Impulse Response Evaluation

From Fig. 2 and the scaling values in Table I, we see that the
expected net number of molecules observed at the absorbing
receiver is much larger than that inside the passive receiver,
since every molecule arriving at the absorbing receiver is
permanently absorbed. We also notice that the expected net
number of observed molecules due to the nearest transmitter
is much larger than that due to the other transmitters, which
may be due to a relatively low transmitter density.

Figs. 3 and 4 plot the expected number of molecules cur-
rently observed at the absorbing receiver and the passive
receiver at time t rather than their net change during each
sampling interval. In Figs. 3 and 4, we set the parameters:
D = 120 × 10−12 m2

s , Ra = 100 μm, and Tss = 0.1 s. We set
the density of transmitters as λa = 10−3/μm3. As shown in
the lower subplot of Fig. 3, even though the point transmitters
have random locations, the channel responses of the receivers
due to the nearest transmitter in this large-scale molecular
communication system are consistent with those observed at
the absorbing receiver in [11, Fig. 4] and the passive receiver
in [6, Fig. 2] and [25, Fig. 1] for a point-to-point molecular
communication system.

In Fig. 3, we notice that the expected number of molecules
currently observed at time t due to all transmitters is dominated
by the other transmitters, rather than the nearest transmitter,
which is due to the increased number of molecules received
from the other transmitters with the higher density of trans-
mitters compared to that in Fig. 2. Furthermore, as we might
expect, the expected number of molecules currently observed
inside the passive receiver at time t stabilizes after t = 0.8 s,
whereas that at the absorbing receiver eventually increases
linearly with increasing time. This reveals the potential differ-
ences in appropriate demodulation design for these two types
of receiver. More specifically, unlike the demodulation for pas-
sive receiver, demodulation using the number of molecules

Fig. 6. Single bit error probability as a function of threshold.

currently absorbed by the absorbing receiver is not a suitable
design, since it cannot have a single optimal threshold.

Fig. 4 plots the expected number of molecules observed at
the absorbing receiver and the passive receiver at t = 2 s ver-
sus the density of transmitters λa. With the increase of λa,
the number of observed molecules due to the other transmit-
ters increases, whereas the number of observed molecules due
to the nearest transmitter remains almost unchanged. More
importantly, the dominant effect of the other transmitters on
the number of observed molecules becomes more obvious as
λa increases.

C. Demodulation Criteria and Single Bit Error Performance

From Figs. 3 and 4, the current number of absorbed
molecules increases with increasing time and transmitter den-
sity, thus demodulation based on the current number of
molecules absorbed by the absorbing receiver will require an
increasing demodulation threshold for larger t and λa. Hence,
in our model, the demodulation of the absorbing receiver is
based on the net number of absorbed molecules, whereas
the demodulation of the passive receiver is based on the
current number of molecules observed at the receiver. In
Figs. 5 and 6, we set Ntx = 20, kd = 0, Tb = 0.2 s,
Ra = 100 μm, D = 80 × 10−11 m2

s , and with only a sin-
gle bit-1 transmitted at t = 0, i.e., the transmit bit sequence
is [1 0 0 0 . . .].

Fig. 5 plots the net number of molecules absorbed by the
absorbing receiver during one bit interval Tb in the upper sub-
figure, and the number of observed molecules at the passive
receiver at the end of each bit interval Tb in the lower sub-
figure, each with different transmitter densities. We also plot
the asymptotic net number of absorbed molecules using (30)
with a dashed line. We see that the net number of molecules
absorbed by the absorbing receiver during each bit interval
decreases as time increases, and converges to the asymptotic
value. The number of observed molecules inside the passive
receiver at the end of every bit interval remains comparable
as time increases, which suggests that taking multiple sam-
ples of the number of observed molecules at different times in
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Fig. 7. Bit error probability of the absorbing receiver as a function of
threshold.

one bit interval may not greatly improve the detection reli-
ability. For both receivers, the ISI is not small compared
with the observation in the first bit interval, which demon-
strates the high ISI in the large-scale molecular communication
system.

In Fig. 6, we start using the second Monte Carlo approach
for simulations in order to generate distributions of obser-
vations, and we plot the single bit error probability of both
receivers using (38), in order to focus on the impact of multiple
transmitters with no ISI impairment. We notice that the single
bit error probability at both receivers improves with increas-
ing λa, which is due to the increased number of molecules
absorbed by the absorbing receiver during t ∈ [0, Tb], and the
increased number of observed molecules inside the passive
receiver at t = Tb as seen in Fig. 5. Another interesting obser-
vation is that the single bit error probability of the passive
receiver is much worse than that of the absorbing receiver,
which is due to the lower number of observed molecules
at the passive receiver than that at the absorbing receiver.
Clearly, the two receivers need different demodulation
thresholds.

D. Multiple Bits Error Performance

Figs. 7 and 8 plot the bit error probabilities of the absorb-
ing receiver and that of the passive receiver in the proposed
large-scale molecular communication system, respectively,
both with (kd = 0.8 s−1) or without (kd = 0 s−1) molecule
degradation. Fig. 9 compares the bit error probabilities of the
absorbing receiver and the passive receiver in the proposed
large-scale molecular communication system under molecule
degradation (kd = 0.8 s−1) using DFD, with that using the
simple detector. In Figs. 7, 8, and 9, we set the parameters:
Tb = 0.2 s, Ra = 100 μm, and D = 80×10−11 m2

s with a 5 bit
sequence transmitted by all transmitters, where the first four
bits are set as [1 0 1 0]. We set Ntx = 20 in Fig. 7, Ntx = 300
in Fig. 8, and Ntx = 104 in Fig. 9.

In Figs. 7 and 8, we see a good match between the analyti-
cal results in (38) and the simulations, which demonstrates the

Fig. 8. Bit error probability of the passive receiver as a function of threshold.

Fig. 9. Bit error probability of receivers as a function of threshold.

correctness of our derivations. We observe that the minimum
bit error probability improves with increasing the density of
the transmitters. We also see that the minimum bit error prob-
ability can be improved by introducing molecule degradation.
This can be explained by the fact that many molecules, espe-
cially those released far from the receiver, degrade before they
reach the receiver, and this reduces the ISI effect. However, the
bit error probability with molecule degradation is not always
better than without degradation for a given decision thresh-
old, which can be attributed to the fact that the degradation
not only reduces the ISI, but also lowers the strength of the
intended signal.

In both figures, we notice that the minimum bit error prob-
ability is still not low enough for reliable transmission, even
though it can be potentially improved by increasing Ntx. This is
because with multiple transmitted bits, the ISI will accumulate
and keep growing with every transmit bit-1. These observa-
tions reveal that the demodulation threshold at each bit should
increase with the number of transmit bits, instead of being
fixed.
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We now consider the DFD at both receivers to show
its potential benefits in improving the bit error probability.
Fig. 9 compares the bit error probability of both receivers
having molecule degradation during diffusion and DFD dur-
ing detection with that without DFD during detection using
Monte Carlo simulation, where the passive receiver is capa-
ble of subtracting the current observation in one previous
bit interval N[j − 1] from that in the current bit interval
N[j], and the absorbing receiver is capable of subtracting the
net observation in one previous bit interval N[j − 1] from
that in the current bit interval N[j] for the demodulation of
the jth bit. With DFD, the jth bit is decoded based on if
N[j] − N[j − 1] > Nth or not. By doing so, the accumu-
lated ISI due to the previous bits is mitigated artificially during
the demodulation process. We set λa = 5 × 10−6/μm3. With
the help of DFD, we see that the minimum bit error prob-
ability of both receivers can be improved for the proposed
system.

VII. CONCLUSION

In this paper, we provided a general model for the collective
signal modelling in a large-scale molecular communication
system with or without degradation using stochastic geome-
try. The collective signal strength at a fully absorbing receiver
and a passive receiver is modelled and explicitly characterized.
We derived tractable expressions for the expected number of
observed molecules at the fully absorbing receiver and the
passive receiver, which were shown to increase with trans-
mitter density. We also derived analytical expressions for the
bit error probabilities at both receivers with a simple detector
taking one sample per bit, and the minimum bit error probabil-
ities were shown to improve with the help of degradation. The
analytical model presented in this paper can also be applied
for the performance evaluation of other types of receiver
(e.g., partially absorbing, reversible adsorption receiver,
ligand-binding receiver) in a large-scale molecular commu-
nication system by substituting its corresponding channel
response.

APPENDIX A

PROOF OF PROPOSITION 1

According to [36], the probability of finding k nodes in
a bounded Borel A ⊂ R

m in a homogeneous m-dimensional
Poisson point process of intensity λ is given by

Pr(M = k) = e−λaμ(A) (λaμ(A))k

k!
, (A.1)

where M is the Poisson random variable, and μ(A) is the
standard Lebesgue measure of A.

Thus, the probability of finding zero nodes in a bounded
Borel A ⊂ R

3 in a homogeneous 3D Poisson point process of
intensity λa is obtained as

Pr(M = 0) = e−λaμ(A), (A.2)

where μ(A) = 4
3πx3 − 4

3πrr
3, and x is the radius of the

bounded ball.
Using f‖x∗‖(x) = − d Pr(N=0)

dx , we prove (21).

APPENDIX B

PROOF OF THEOREM 1

Based on (10) and (20), we can write the expected net
number of molecules observed at the receiver as

E
{
Nall

(
�rr , t, t + Tss

)} = E

⎧
⎨

⎩

∑

x∈�a

Ntx�(r)

⎫
⎬

⎭
, (B.1)

where

�(r) = FFA(�rr , t, t + Tss
∣∣r
)
, (B.2)

for the absorbing receiver, and

�(r) = FPS(�rr , t + Tss
∣
∣r
) − FPS(�rr , t

∣
∣r
)
, (B.3)

for the passive receiver.
According to the Campbell’s theorem in 3D space, the mean

of the random sum of a point process �a on R
3 and Ntx�(r)

is given as [27, eq. (1.18)]

E
{
Nall

(
�rr , t, t + Tb

)} =
∫

R3
[Ntx�(r)]λa dx

= λa

∫ ∞

rr

[Ntx�(r)]3
4π

3
r2 dr. (B.4)

Thus, we derive

E
{
Nall

(
�rr , t, t + Tss

)} = 4πλaNFA
tx

∫ ∞

rr

�(r)r2 dr. (B.5)

APPENDIX C

PROOF OF LEMMA 1

With kd = 0, we rewrite (B.5) using z = r − rr as

E

{
NFA

all

(
�rr , t, t + Tss

)}

=
√

4πλaNtxrr√
D

∫ t+Tss

t

∫ ∞

0
z(z+rr) exp

(
− z2

4Dx

)
dz

1√
x3

dx

=
√

4πλaNtxrr√
D

[∫ t+Tss

t

∫ ∞

0
z2 exp

(
− z2

4Dx

)
dz

1√
x3

dx

+ rr

∫ t+Tss

t

∫ ∞

0
z exp

(
− z2

4Dx

)
dz

1√
x3

dx

]
, (C.1)

With mathematical manipulations, we simplify (C.1) as

E

{
NFA

all

(
�rr , t, t + Tss

)}

= 4
√

πλaNtxrr

[
D

√
π

∫ t+Tss

t
dx + √

Drr

∫ t+Tss

t

1√
x

dx

]
.

(C.2)

Solving (C.2), we prove Lemma 1.
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APPENDIX D

PROOF OF THEOREM 2

Based on the fact that

∂n(exp{−Ntxφxτ })
∂xn

∣∣∣
∣
x=φ−1

= exp{−Ntxτ }(−Ntxφτ)n, (D.1)

we rewrite the error probability for the transmit bit-1 signal
in the jth bit as

Pe

[
b̂j = 0

∣∣bj = 1
]

=
∫ ∞

0
exp{−Ntxτ }f

Rj
tot

(τ ) dτ

+
Nth−1∑

n=1

1

(−φ)nn!

∫ ∞

0
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∂xn

∣
∣∣∣
x=φ−1

f
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(τ ) dτ

= L
Rj

tot
(Ntx) +
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n=1

1

(−φ)nn!

∂n
[
L

Rj
tot

(Ntxφx)
]
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∣∣∣∣
∣∣

x=φ−1

,

(D.2)

where f
Rj

tot
(τ ) is the PDF of Rj

tot, and L
Rj

tot
(·) is the Laplace

transform of Rj
tot.

According to (E.4), the Laplace transform of Rj
tot can be

represented as

L
Rj
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1 − exp
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(D.3)

Based on (D.3) and the Faà di Bruno’s formula [37], we
derive

∂n
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(
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∣
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]nk

, (D.4)

where the summation
n∑

is over all n-tuples of nonegative
integers (n1, . . . , nn) satisfying the constraint 1·n1+2·n2+· · ·+
k · nk + · · · + n · nn = n. Noting that

n∏

k=1
(−φ)knk =(−φ)n, and

substituting (D.3) and (D.4) into (D.2), we finally derive (39).
We can follow a similar method to derive (40).

APPENDIX E

PROOF OF LEMMA 3

With fixed threshold-based demodulation, the error prob-
ability with the transmit bit-1 signal in the jth bit is
represented as

Pe

[
b̂j = 0

∣∣bj = 1, b1:j−1

]
= Pr

[
N
[
j
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]

≈ E
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where

Rj
tot =

∑

x∈�a

R
(
�rr , j

∣∣‖x‖), (E.2)

with R(�rr , j|‖x‖) given in (36) for the absorbing receiver and
in (37) for the passive receiver. Substituting (D.3) into (E.1),
we derive (41). We can follow a similar method to derive (42).

With the threshold-based demodulation, the error probability
for a transmit bit-1 signal in the jth bit is represented as

Pe

[
b̂j = 0

∣∣bj = 1
]

= Pr
[
N
[
j
]

< Nth
]
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, (E.3)

where

Rj
tot =

∑

x∈�a

R
(
�rr , j

∣∣‖x‖), (E.4)

with R(�rr , j|‖x‖) given in (36) for the absorbing receiver and
in (37) for the passive receiver.
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